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AN ISOMORPHISM BETWEEN THE NARROW IDEAL CLASS GROUP
OF SQUARED IDEALS OF A QUADRATIC NUMBER FIELD AND THE
KERNEL OF A HOMOMORPHISM BETWEEN COHOMOLOGY GROUPS
FOR PELL CONICS
SAMUEL A. HAMBLETON
Abstrat. Two proofs are provided that the narrow ideal lass group of squared ideals of a
quadrati number eld is isomorphi to the kernel of a homomorphism between ohomology
groups for Pell onis, Lemmermeyer's obstrution to desent for Pell onis. These proofs
make use of a partiular subgroup of a Pell oni over algebrai numbers.
1. Introdution
Let E be an ellipti urve. The Tate-Shafarevih group for E(Q) measures how diult it
may be to nd a rational point of E using the proess of desent, see [12, 16℄. This group is
dened in terms of the kernel of a homomorphism between ohomology groups
(1) X(E/Q) = ker
(
H1(G,E(Q)) −→
∏
p∈ primes
H1(G,E(Qp))
)
.
Non-trivial elements of X(E/Q) orrespond to prinipal homogeneous spaes for E over Q
whih have a p-adi point for every prime p, but no rational point. We will dene the Tate-
Shafarevih group for Pell onis, X(P/Z), in a similar way to Eqn. (1) and show that our
denition is onsistent with Lemmermeyer's result [9℄ that X(P/Z) ≃ Cl+(Q(√∆))2, the
narrow lass group of binary quadrati forms Q of disriminant ∆, for whih Q = Q′ ·Q′ where
· is omposition of forms.
By the Hasse-Minkowski theorem, see [14℄, for a quadrati polynomial
f(x, y) = a20x
2 + a11xy + a02y
2 + a10x+ a01y + a00
with rational oeients, there exists a rational solution to
(2) f(x, y) = 0,
if and only if there exists a real solution to Eqn. (2) and a solution in the eld of p-adi numbers
Qp for every prime p. This provides a means of deiding whether the binary quadrati form
(3) Q′(t, u) = A′t2 +Btu+ Cu2
represents 1 in rational numbers, and nding suh a point is generally easy. After dening
abelian groups on the rational, algebrai and p-adi points of the oni C : Q′(t, u) = 1, with
Q′ as in Eqn. (3), it an be shown that the Hasse-Minkowski theorem implies that
ker
(
H1(G,E(Q)) −→
∏
p∈ primes
H1(G,E(Qp))
)
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is always trivial, however it says nothing about whether, given there exists a rational point
q = (t, u) satisfying
(4) Q′(t, u) = 1,
there exists an integer representation of 1 by Q′, Eqn. (3).
Let ∆ be the fundamental disriminant of a quadrati number eld K = Q(
√
∆). This
means that
(5) ∆ =
{
d = 1+ 4M if d ≡ 1 (mod 4)
4d = 4M if d ≡ 2, 3 (mod 4)
where d is a square-free integer. We let b ∈ {0, 1} be dened by
(6) ∆ = b+ 4M.
Pell onis [6, 7, 8℄ are ane urves of genus 0 given by either of the equations1
P : x2 + bxy − My2 = 1,(7)
C : H2 −∆U2 = 4.(8)
For the purposes of this artile it is more appropriate to onsider Pell onis in the form P due
to the neessity to use binary quadrati forms. It is onvenient to introdue the matrix
(9) NP =
(
x My
y x+by
)
.
Inidentally, Pell onis may be expressed as P : det(NP) = 1. The points of a Pell oni,
dened over various rings and elds, form an abelian group with the binary operation ⊞ for P
given by
P1 ⊞ P2 = NP2P1˜ =
(
x1x2 + My1y2, x1y2 + x2y1 + by1y2
)
,(10)
P1 ⊟ P2 = N
−1
P2
P1˜ =
(
x1x2 + bx1y2 −My1y2, x2y1 − x1y2
)
,(11)
We use ⊟ to denote subtration. The identity of P is the point O = (1, 0).
Non-trivial elements of the Tate-Shafarevih group for Pell onis, X(P/Z), are desribed
by partiular onis, Eqn. (4) whih have rational but no rational integer solutions. If P is
a Pell oni of disriminant ∆ and Q′ is a binary quadrati form of disriminant ∆, then an
integral solution to Eqn. (4) provides, through unimodular substitution, an integral point of
P , otherwise this kind of solution to P(Z) is obstruted.
The relationship between the prinipal binary quadrati form
(12) Q0(x, y) : x
2 + bxy −My2,
of fundamental disriminant ∆, and the binary quadrati form Q′(t, u), Eqn. (3), of the same
disriminant B2 − 4A′C via automorphs is known. If ∆ > 0, there are innitely many pairs of
rational integers (x, y) satisfying Q0(x, y) = 1. Any suh pair provides an automorph of Q
′(t, u).
Reall that this means that an integer point P = (x, y) of the Pell oni P : Q0(x, y) = 1 yields
a matrix
(13) MP =
(
x−B−b2 y −Cy
A′y x+B+b2 y
)
∈ Sl2(Z),
and the replaement
(
t
u
)
7→MP
(
t
u
)
does not aet the oeients of Q′.
Q′
(
MP
(
t
u
))
= Q0(x, y)Q
′(t, u) = Q′(t, u).
1
Completing the square transforms Eqn. (7) into Eqn. (8).
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Let
(14) SQ′ =
(
1√
A′
b−B
2
√
A′
0
√
A′
)
.
The hange of variables
(
t
u
)
7→ SQ′
(
x
y
)
transforms Q′(t, u) into the prinipal form Q0(x, y) ,
and
(
x
y
)
7→ S−1Q′
(
t
u
)
reverses this:
Q0(x, y) = Q
′
(
SQ′
(
x
y
))
,(15)
Q′(t, u) = Q0
(
S
−1
Q′
(
t
u
))
.(16)
If A′ is a square, A′ = A2, then SQ′ ∈ Sl2(Q) and the substitutions of Eqn.s (16) and (15) provide
a relationship between rational representations of n by Q′ and rational representations of n by
the prinipal form Q0. By transport of the struture of P(Q), via the map (x, y) 7→
(
x−βy
A , Ay
)
,
the set of rational points of the oni
(17) Q(t, u) = A2t2 + (2β + b)tu+
Q0(β, 1)
A2
u2 = 1
beomes an abelian group with identity o =
(
1
A , 0
)
. The middle oeient B of a binary
quadrati form of fundamental disriminant ∆ = 4M + b may always be expressed with B =
2β+b, with β ∈ Z, and sine Q is a binary quadrati form of fundamental disriminant ∆, the
leading oeient A2 of Q divides Q0(β, 1). The only speialization in Eqn. (17) is that the
oeient of t2 is a square. Let
F2 be the set of all binary quadrati forms of disriminant ∆ with leading oeient a square,
Eqn. (17), and 0 ≤ β < A2.
We will fous our attention on the binary quadrati forms Q ∈ F2. With respet to a form
Q ∈ F2, we dene LQ,q, while MP and SQ′ , Eqn.s (13), (14) beome
LQ,q =
(
A2t+(β+b)u βt+
Q0(β,1)
A2
u
−u t
)
,(18)
MP =
(
x−βy −Q0(β,1)
A2
y
A2y x+(β+b)y
)
,(19)
SQ =
(
1
A
−β
A
0 A
)
.(20)
This artile is onerned with the orrespondene, Eqn.s (15) and (16), between algebrai
integer points q = (t, u) satisfying Eqn. (17) ranging over any form (A2, B, C) of fundamental
disriminant ∆, and the group of points of the Pell oni P over algebrai numbers. This has
been motivated by the desire to justify dening the Tate-Shafarevih group for Pell onis as
the kernel of a homomorphism between ohomology groups: H1(G,P(Z)) → H1(G,P(Q)).
Lemmermeyer [9℄ has shown that binary quadrati forms of disriminant ∆ may be onsidered
as torsors T : At2 +Btu+ Cu2 = 1 for Q0(x, y) = 1, where the addition map for the prinipal
homogeneous spae is dened by automorphs of binary quadrati forms. The torsors whih
have rational but no integer points are the torsors orresponding to non-trivial elements of the
Tate-Shafarevih group X(P/Z) for Pell onis. Lemmermeyer [9℄ has proved that X(P/Z) ≃
Cl
+(K)2. Consideration of ellipti urves indiates that X(P/Z) may have a ohomologial
denition. We will give two proofs of the isomorphism
Cl
+(K)2 ≃ ker(H1(G,P(Z))→ H1(G,P(Q))),
and thereby justify the ohomologial denition of the Tate-Shafarevih groupX(P/Z) for Pell
onis. The rst proof uses the approah of taking Galois ohomology on a short exat sequene
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of G
Q/Q-modules, while the seond proof oers insight on the addition and subtration maps
of a prinipal homogeneous spae but applies a tedious alulation.
Shmid [13℄ studied the group struture of points of the Pell equation C : x2 − dy2 = 1
dened over the ring of integers OK of a given number eld K, with d ∈ OK , by looking at the
injetive map C(OK)→ OK [
√
d], sending (x, y) to x+ y
√
d. If K = Q, the algebrai losure of
Q, and d ∈ Z, it is a lear onsequene of Shmid's results that C(Z), over all algebrai integers,
is not a nitely generated group.
A surjetive homomorphism was given in [5℄ from the group of primitive integer points of a
Pell surfae Sn : Q0(B,C) = An, again with ∆ = b+4M a fundamental disriminant, onto the
n-torsion subgroup of the narrow ideal lass group Cl+(K)[n], of the quadrati number eld
K = Q(
√
∆). A primitive integer point (A,B,C) ∈ Sn(Z) satises
(21) gd(A,C) = 1 = gd(A,∆).
When n = 2, a point (A,B,C) ∈ S2(Z) orresponds to a primitive rational point of P . Of
ourse all rational points
(
B
A ,
C
A
)
∈ P(Q) may be written to satisfy Eqn. (21).
Soleng [17℄ onsidered `primitive points' of the ellipti urve E : y2 = x3 + a2x
2 + a4x+ a6,
with a2, a4, a6 ∈ Z, where the point
(
A
C2 ,
B
C3
) ∈ E(Q) with gd(A,C) = gd(B,C) = 1 belongs
to the subgroup E(Q)
prim
if gd(A, 2B,A2 + a2AC
2 + a4C
4) = 1. Soleng showed that there is
a homomorphism mapping E(Q)
prim
to the ideal lass group of Q(
√
a6).
We would like to dene what it means for an algebrai point of a Pell oni to be `primitive'.
One this has been dened we will demonstrate that the primitive algebrai points form a
subgroup P(Q)
prim
of P(Q), and there is a surjetive homomorphism from this subgroup onto
the narrow ideal lass group of squared ideals Cl
+(K)2 of a quadrati number eldK = Q(
√
∆).
In fat we will show that there is an exat sequene
1 −−−−→ P(Q)⊕ P(Z) −−−−→ P(Q)
prim
−−−−→ Cl+(K)2 −−−−→ 1.
The denominator of the algebrai number α ∈ Q, denoted den(α), was dened in [1℄ to be the
least positive rational integer suh that den(α)α is an algebrai integer. We use N
Q/Q(α) for
the norm of α ∈ Q, the produt of the roots of the minimum polynomial of α. For the ring of
all algebrai integers we use Z.
Denition 1.1. Dene P(Q)
prim
to be the set of all (x, y) ∈ P(Q), letting A = den(y), suh
that
• Ax is an algebrai integer,
• gd(A2N
Q/Q(y), A
2) = 1 = gd(A,∆),
• letting a be the least positive integer satisfying a ≡ (A2N
Q/Q(y))
−1 (mod A2),
b =
{
aA2N
Q/Q(y)
x
y if y 6= 0
0 if y = 0
is a rational integer.
2. P(Q)
prim
is a subgroup of P(Q)
We an show that there is an equivalent denition of primitive algebrai point of a Pell oni
and we will use this equivalene to show that P(Q)
prim.
is a subgroup of P(Q).
Lemma 2.1. Let α ∈ Q. Then den(α) = den(N
Q/Q(α)/α).
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Proof. In [1℄ we also have the denition of the denominator of a polynomial f ∈ Z[x], denoted
den(f), whih is the least positive integer for whih den(f)α is an algebrai integer for all zeros
α of f . We nd in [1℄ the identity den(α) = den(f) whenever f is the minimum polynomial of
α over Z. Sine α and N
Q/Q(α)/α share a minimum polynomial, the result follows. 
Before we prove the equality of two denitions of the primitive subgroup, let us rst remark
that if
x−by
den(y) is an algebrai integer then so is den(y)x.
Lemma 2.2. Let (x, y) ∈ P(Q) and A = den(y). There exists a rational integer b satisfying
• A2 | Q0(b, 1), and
• x−byA is an algebrai integer
if and only if (x, y) ∈ P(Q)
prim
.
Proof. First assume that (x, y) ∈ P(Q)
prim
. Let a be as in Denition 1.1, a2 =
1
A2
(
1 −
aA2N
Q/Q(y)
)
, and b = aA2N
Q/Q(y)
x
y is a rational integer. Then
x−by
A = a2Ax ∈ Z. Sine
A(x+ (b + b)y) ∈ Z, we have the algebrai integer
A(x+ (b + b)y)
x− by
A
= 1−Q0(b, 1)y2
so that Q0(b, 1)y
2 ∈ Z. It follows that A2 | Q0(b, 1). Conversely we assume there exists
a rational integer satisfying Q0(b, 1) ≡ 0 (mod A2) and x−byA is an algebrai integer. Then
learly Ax ∈ Z. Let ρ = x−byA . Observe that
(22) A2ρ2 + (2b+ b)ρ(Ay) +
Q0(b, 1)
A2
(Ay)2 = 1.
Multiplying Eqn. (22) by A
N
Q/Q(y)
y ∈ Z, we obtain
(23) A2ρ2A
NQ/Q(y)
y
+ (2b+ b)ρ(A2N
Q/Q(y)) +A
2N
Q/Q(y)
Q0(b, 1)
A2
(Ay) = A
NQ/Q(y)
y
.
Let p be a prime divisor of gd(A2 · NQ/Q(y), A2). Then dividing Eqn. (23) by p, it fol-
lows that
1
pA
N
Q/Q(y)
y ∈ Z, ontraditing A = den(y) = den
(
N
Q/Q(y)/y
)
. Therefore gd(A2 ·
N
Q/Q(y), A
2) = 1. We nd that A2 | Q0(b, 1) implies that gd(A,∆) = 1: Let p be a prime
divisor of both A and gd(A,∆). Then p2 | (2b+b)2−∆, but sine p | ∆, p2 | (2b+b)2 so that
p2 | ∆, a ontradition unless p = 2. In this event, we have b = 0 so that 4 | b2 −M. There are
no solutions to the ongruene b2 ≡ M (mod 4) when M ≡ 2 or 3 (mod 4), whih are the only
possibilities for ∆ = 4M sine ∆ is fundamental. 
For a primitive algebrai point P = (x, y) ∈ P(Q)
prim
, there exist unique integers A = den(y)
and β, the least non-negative integer satisfying β ≡ b (mod A2) where b is as in Denition 1.1,
whih we will refer to as the denominator and ratio of the point P, respetively. We will refer
to  = x−βyA as the quotient of the point P, where A is the denominator and β is the ratio, and
 = Ay as the numerator of the point P. We reserve the symbols  and  for the quotient and
numerator of a point P ∈ P(Q)
prim
. From here on, the symbols B, β+, β−12, and β
×
will always
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refer to
B = 2β + b,
β+ = β1 + β2 + b,
β−12 = β1 − β2,
β× = β1β2 + M,
sine β+, β−12, and β
×
will often appear in omposition of binary quadrati forms. We will
oasionally require a β3, in whih ase β
−
13 and β
−
23 refer to β1 − β3, and β2 − β3.
Lemma 2.2 shows that P(Q)
prim
is the set of all points P ∈ P(Q) whih ame from algebrai
integer points q = (t, u) of some arbitrary binary quadrati form of fundamental disriminant
∆, with leading oeient an integer square, A2 as in Eqn. (17), and with A2 > b ≥ 0, under
the map
(24) ϕ−1 :
(
t
u
)
7→ S−1Q
(
t
u
)
=
(
x
y
)
,
with NQ as in Eqn. (20). The denition of P(Q)prim indiates, given P ∈ P(Q)prim, whih
binary quadrati form the point P ame from.
The quotient  is equal to the t-oordinate of ϕ(P) where P = (x, y) ∈ P(Q)
prim
,
(25) ϕ :
(
x
y
)
7→ SQ
(
x
y
)
=
(
t
u
)
,
and the A and β appearing in the matrix NQ are the denominator and ratio of the point P.
Observe that if x, y, z are positive integers, the greatest ommon divisor satises
gd(x, y)2 = gd(x2, y2),(26)
gd(x, y, z)2 = gd(x2, y2, z2).(27)
Lemma 2.3. Let P1,P2 ∈ P(Q)prim with respetive denominators A1, A2 and ratios β1, β2.
Let eˆ = gd(A21, A
2
2, β
+
1 ) and e = gd(A1, A2, β
+). Then eˆ = e2.
Proof. By Lemma 2.2, for j = 1, 2, A2j | Q0(βj , 1), and sine e2 | A21 and e2 | A22,
β+β−12 = Q0(β1, 1)−Q0(β2, 1) ≡ 0 (mod e2).
Therefore e2 | β+β−12. To show that gd(β−12, e) = 1, let p be a prime divisor of β−12 and e.
Then β+ ≡ 0 (mod p) and β−12 ≡ 0 (mod p), whih implies that B1 ≡ 0 (mod p), but sine
B21−∆ ≡ 0 (mod A21), we have p | ∆ ontraditing gd(∆, A1) = 1. Therefore e2 | β+. It follows
that e2 | eˆ. By Eqn. (27), we have gd(A21, A22, (β+)2) = e2. Sine eˆ | gd(A21, A22, (β+)2) = e2,
the result follows. 
Again let ω = b+
√
∆
2 . For eah primitive point P ∈ P(Q)prim, with denominator A and ratio
β, we may attah ideals a′
P
and aP of the ring of integers Z[ω] of Q(
√
∆), and binary quadrati
forms Q′
P
and QP of disriminant ∆ as follows
a′
P
= (A, β + ω),(28)
aP = (A
2, β + ω),(29)
Q′
P
=
(
A, 2β + b, Q0(β, 1)/A
)
,(30)
QP =
(
A2, 2β + b, Q0(β, 1)/A
2
)
.(31)
If P1,P2,P1 ⊞ P2 ∈ P(Q)prim with assoiated forms QP1 , QP2 , and QP1⊞P2 then the latter
form is equivalent under unimodular substitution to the omposed form QP1 · QP2 . We use
omposition of forms to show that P(Q)
prim
is losed under ⊞, the group law for Pell onis.
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We point out that ϕ(P) = (t, u), with ϕ as in Eqn. (25), is an algebrai integer point of the
oni QP(t, u) = 1.
The following theorem expresses, as will be demonstrated in Setion 4.2, that the set of
all algebrai integer points of all onis Q(t, u) = 1 where Q is a binary quadrati form of
fundamental disriminant ∆, has leading oeient an integer square A2, Eqn. (17), and
A2 > β ≥ 0, forms a group with identity O = (1, 0) and is isomorphi to a subgroup of P(Q).
Theorem 2.4. P(Q)
prim
is a subgroup of P(Q) with respet to the group law (10) for Pell
onis.
Proof. We will demonstrate: Let P1 = (x1, y1),P2 = (x2, y2) ∈ P(Q)prim. Let A1 and A2 be
the denominators of the points P1 and P2 respetively and let β1 and β2 be the ratios of P1
and P2 respetively. Let P3 = (x3, y3) = P1 ⊞ P2, e
2 = gd(A21, A
2
2, β
+), A3 =
A1A2
e2 , j, k, ℓ
be any rational integers satisfying A21j + A
2
2k + β
+ℓ = e2, and b3 =
A21
e2 β2j +
A22
e2 β1k +
β×
e2 ℓ.
Then, letting β3 be the least non-negative integer satisfying β3 ≡ b3 (mod A2), x3−β3y3A3 is an
algebrai integer, A3 = den(y3), and A
2
3 | Q0(b3, 1). In other words we use the oeients A3
and 2β3+ b of a binary quadrati form in the lass of the omposed form QP1 ·QP2 to provide
a denominator and ratio for the point P3 = P1 ⊞ P2.
Let 1, and 2 be the quotients, 1 and 2 be the numerators of P1 and P2 respetively.
Let γ1 =
Q0(β1,1)
A21
and γ2 =
Q0(β2,1)
A22
. The identities
A3y3 =
A21
e2
12 +
A22
e2
21 +
β+
e2
12,
x3 − b3y3
A3
= A1x12j +A2x21k + β
+
12ℓ+21(γ1ℓ− β2j) +12(γ2ℓ− β1k)− 12(γ2j + γ1k),
Q0(b3, 1) = A
2
3
(
A21γ2j
2 + (2β× + bβ+ −∆)jk +B1γ2jℓ+ A
2
2γ1k
2 +B2γ1kℓ+ γ1γ2ℓ
2
)
,
show that A3y3 and
x3−b3y3
A3
are algebrai integers, den(y3) | A3, and A23 | Q0(β3, 1). Now
observe that
x3 − β3y3
A3
· den(y3) · (x3 + (β3 + b)y3) = den(y3)
A3
(
1−Q0(β3, 1)y23
)
If p is a prime divisor of A3
den(y3)
then we have the algebrai integer
1
p
(
1−Q0(β3, 1)y23
)
=
1
p
(
1− rp2(den(y3))2y23) where r ∈ Z,
=
1
p
− rp(den(y3))2y23 .
Sine rp
(
den(y3)
)2
y23 ∈ Z, 1p ∈ Z, a ontradition. Therefore A3 | den(y3) and we must have
A3 = den(y3).
We have shown that A3 and β3 are the denominator and ratio of P3. Therefore P(Q)prim is
losed under ⊞. By denition, (1, 0) ∈ P(Q)
prim
. Clearly P(Q)
prim
⊆ P(Q). It remains to hek
that if P ∈ P(Q)
prim
then the inverse −P also belongs to P(Q)
prim
. Let P = (x, y) ∈ P(Q)
prim
with A = den(y). Clearly A = den(−y). If β is the ratio of P, it is easy to verify that A2−β−b
is the ratio of −P. 
Example 2.5. Consider the Pell oni P : x2+xy− 57y2 = 1 and P = (√−15 , −2√−115 ) ∈ P(Q).
Now A = den(y) = 15, A2NQ/Q(y) = 4 and a ≡ 4−1 ≡ 169 (mod 225), so b = −1014, a rational
integer. The ratio of P is β = 111. We may onsider P to have ome from an algebrai integer
point of 225t2 + 223tu+ 55u2 = 1. This point is
(
1
15
−111
15
0 15
)( √−1
5
−2√−1
15
)
=
( √−1
−2√−1
)
.
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Surjetive homomorphisms. The maps sending the point P to lasses of the ideals and
forms given by Eqn.s (28), (29), (30), and (31) are homomorphisms. Reetion on the following
theorem of Birh [3℄ will be helpful in showing that some of these maps are surjetive.
Theorem 2.6 (Birh). Let K be a number eld with integers OK . If the polynomial f(T, U) =∑
aijT
iU j , with aij ∈ OK , is homogeneous and the aij are oprime, then there exist units
t, u ∈ OL satisfying f(t, u) = 1 where L is an extension of K.
Speially we will use the following orollary.
Corollary 2.7. Let Q = (A,B,C) be a primitive binary quadrati form of fundamental dis-
riminant ∆. There exist units t, u of the ring of integers OL of some algebrai extension L of
Q suh that Q(t, u) = 1.
For eah binary quadrati form Q = (A,B,C) of fundamental disriminant ∆ = b + 4M
there exists a unique integer β suh that Q = (A, 2β+ b, Q0(β, 1)/A). The orresponding ideal
of the ring of integers OK of the eld K = Q(
√
∆), under the known isomorphism between
lasses of forms and narrow ideal lasses, is a = (A, β+ω) where {A, β+ω} is an integral basis
for a and ω = b+
√
∆
2 . We refer to Lenstra [11℄ for the following ompositions and group F .
Let F be the set of all lasses [Q]F of binary quadrati forms Q of disriminant ∆ equivalent
under unimodular substitution with
(
1 ℓ
0 1
)
and ℓ ∈ Z. The set of all suh matries forms a
subgroup of SL2(Z) with matrix multipliation and is isomorphi to the additive group Z. The
usual narrow lass group of forms plaes two forms in the same lass if they are equivalent
under unimodular substitution with a general element of SL2(Z). It is onvenient to use F
sine we will later dene a group based on individual forms in F .
Remark 2.8. Letting B1 = 2β1 + b and B2 = 2β2 + b, the forms Q1 = (A1, B1, C1), and
Q2 = (A2, B2, C2) are in the same lass of F if and only if
A1 = A2,
β1 ≡ β2 (mod A1).
The set F is a group with respet to the binary operation
(32) [Q1]F · [Q2]F = [Q1 ·Q2]F = [Q3]F ,
where Q3 = (A3, 2β3 + b, Q0(β3, 1)/A3), and
e = gd(A1, A2, β
+),(33)
A3 = (A1A2)/e
2,(34)
β3 =
A1
e
β2j +
A2
e
β1k +
β×
e
ℓ(35)
and j, k, ℓ are any rational integers satisfying
(36) A1j +A2k + β
+ℓ = e.
If Q = (A, 2β+ b, Q0(β, 1)/A) and we wish to determine [Q]F · [Q]F , we have A1 = A2 = A,
β1 = β2 and Eqn. (33) beomes e = gd(A,A, 2β + b) = 1, Eqn. (34) beomes A3 = A
2
, and
letting w = j + k, Eqn. (36) beomes Aw + (2β + b)ℓ = 1 so that
β3 = Aβw + (β
2 + M)ℓ,
= β − β(2β + b)ℓ+ (β2 + M)ℓ,
= β − ℓQ0(β, 1),
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and
[Q]F · [Q]F =
[(
A2, 2β + b− 2ℓAQ0(β, 1)
A
,w
Q0(β, 1)
A
+ ℓ2
Q0(β, 1)
2
A2
)]
F
.
If A2 | Q0(β, 1) then [Q]F · [Q]F = [(A2, 2β + b, Q0(β, 1)/A2)]F .
Denition 2.9. Dene F2 to be the subgroup of F onsisting of lasses of forms in [(A2, 2β+
b, Q0(β, 1)/A
2)]F where A and β are any integers satisfying A2 | Q0(β, 1).
Before moving on it is important to illustrate the group law on the innite lass group F2.
Assume we wish to ompose the binary quadrati forms
Q1 = (A
2
1, 2β1 + b, Q0(β1, 1)/A
2
1),
Q2 = (A
2
2, 2β2 + b, Q0(β2, 1)/A
2
2)
in F2. To do so, we rst ompute
eˆ = gd(A21, A
2
2, β
+) = e2 = gd(A1, A2, β
+)2
and the Bezout numbers j, k, ℓ satisfying A21j+A
2
2k+β
+ℓ = e2. Next ompute A23 = A
2
1A
2
2/e
4
.
Finally,
β3 =
A21
e2
β2j +
A22
e2
β1k +
β×
e2
ℓ,
whih may be redued modulo A23. A representative of the lass of Q1 ·Q2 in F2 is the binary
quadrati form
Q3 = (A
2
3, 2β3 + b, Q0(β3, 1)/A
2
3).
The inverse of [(A2, 2β + b, γ)]F is [(A2,−2β − b, γ)]F , and the identity is [Q0]F .
As usual let Cl
+(∆)2 denote the subgroup of the narrow lass group of binary quadrati forms
Q of fundamental disriminant ∆ onsisting of lasses [Q′]∆ · [Q′]∆ where [Q′]∆ ∈ Cl+(∆).
Theorem 2.10. Let A be the denominator and β the ratio of the point P ∈ P(Q)
prim
. The map
given by P 7→ [Q′
P
]F is a homomorphism. There is a ommutative diagram of exat sequenes
of groups
1 1 1y y y
1 −−−−→ P(Z) −−−−→ P(Q)⊕ P(Z) −−−−→ P(Q) −−−−→ 1y y y
1 −−−−→ P(Z) −−−−→ P(Q)
prim
θ−−−−→ F2 −−−−→ 1y λKy φy
1 −−−−→ 1 −−−−→ Cl+(K)2 π−−−−→ Cl+(∆)2 −−−−→ 1y y y
1 1 1
where the maps are given by θ : P 7→ [QP]F , φ : [Q]F 7→ [Q]∆, λK : (x, y) 7→ [a2]K a =
(A, β + ω), π : [(A, β + ω)2]K 7→ [(A2, 2β + b, γ)]∆.
Proof. Clearly θ(P) ∈ F2 and the form QP is uniquely determined by P so θ is well dened. The
proof that θ is a homomorphism follows diretly from the proof that P(Q)
prim.
is losed under
⊞. We exhibited A3, β3, respetively the denominator and ratio of the point P3 = P1 ⊞ P2,
using omposition of forms. It will follow that θ is a homomorphism.
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θ(P1) · θ(P2) = [QP1 ]F · [QP2 ]F
=
[
QP3
]
F by Eqn. (32) and proof of Lemma 2.4.
= θ(P3)
To show that θ is surjetive let [Q]F = [(A2, 2β + b, γ)] ∈ F2 and let t, u be algebrai in-
tegers satisfying Q(t, u) = 1, whih exist by Corollary 2.7. Then S−1Q
(
t
u
)
∈ P(Q)
prim
and
θ : S−1Q
(
t
u
)
7→ [Q]F .
The map π is known to be an isomorphism, φ is learly a surjetive homomorphism and it
is simple to see that φθ = πλK so that λK is a surjetive homomorphism.
We now onsider the kernels of the maps θ, λK , φ, and π. If P1 = (x1, y1) ∈ P(Q) with
denominator A1 and quotient 1, then QP1(1,1) = 1, where 1, A1y1 ∈ Z, meaning that
QP1 ∈ [Q0]∆. If P2 ∈ P(Z) then the denominator of P2 is equal to 1 so that QP2 ∈ [Q0]∆.
Sine πλK is a homomorphism, πλK(P1⊞P2) ∈ [Q0]∆. It follows that P(Q)⊕P(Z) ⊆ ker πλK .
Conversely assume that P = (x, y) ∈ ker πλK . Let A be the denominator and β the ratio of
P. Sine P ∈ ker πλK , there exist rational integers t, u satisfying QP(t, u) = 1, from whih
we obtain the rational point
(
A2t+βu
A ,
u
A
)
=
(
B
A ,
C
A
) ∈ P(Q) with denominator A, ratio β
and inverse
(
B+bC
A ,
−C
A
)
. Observe that
x−βy
A ∈ Z implies that (β+b)x−MyA ∈ Z so that by
multiplying by C, we see that (B+bC)x+My(−C)A ∈ Z. Similarly multiplying x−βyA by C shows
that
x(−C)+(B+bC)y+by(−C)
A ∈ Z. Therefore we have shown that P −
(
B
A ,
C
A
) ∈ P(Z) so that
ker πλK ⊆ P(Q)⊕ P(Z) and the result follows sine ker πλK = ker λK .
ker θ = {P ∈ P(Q)
prim
: [QP]F = [Q0]F},
where A and β are respetively the denominator and ratio of the point P. Clearly the only
possibility is that A = 1 and β = 0. It follows that (x, y) ∈ P(Z). The kernel-okernel exat
sequene gives the exat sequene
1 −−−−→ P(Z) −−−−→ P(Q)⊕ P(Z) −−−−→ ker φ −−−−→ 1
sine θ is surjetive. The only possibility is that ker φ ≃ P(Q). 
The map given by P 7→ [Q′
P
]F is not surjetive in general.
3. Bilinear transformations
Eah lass of binary quadrati forms [(A2, 2b + b, Q0(b, 1)/A
2)]F of F2 has a unique repre-
sentative form (A2, 2β + b, Q0(β, 1)/A
2), where β is the least non-negative integer satisfying
β ≡ b (mod A2). We will use F2 to refer to this set of representative forms of F2 and note that
sine there is a bijetion between F2 and F2, we also have the same group struture on the set
F2. Now we onsider the olletion of all algebrai integer points of all onis Q(t, u) = 1 where
Q ∈ F2, and observe that Gauss' bilinear transformation is a group operation on this olletion
of points. We dene
S =
⋃
Q∈F2
{
(t, u) ∈ Z× Z | Q(t, u) = 1
}
.
Theorem 3.1. Let P = (x, y) ∈ P(Q)
prim
with denominator A, ratio β, quotient , and
numerator . Dene a map ϕ : P(Q)
prim
→ S by ϕ : P 7→ (,) satisfying QP(,) = 1,
Eqn. (25). Then ϕ is bijetive and S beomes an abelian group by transport of struture.
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Proof. If t, u ∈ Z satisfy Q(t, u) = 1 with Q as in Eqn. (17), then S−1Q
(
t
u
)
∈ P(Q)
prim
and ϕ
(
S
−1
Q
(
t
u
))
= (t, u). This shows that ϕ is surjetive. Assume that P1 = (x1, y1),P2 =
(x2, y2) ∈ P(Q)prim and ϕ(P1) = ϕ(P2). Then den(y1) = den(y2) = A and β1 = β2 so
SQP1˜ = SQP2˜ and thus P1 = P2. It follows that ϕ is injetive. 
The group law on S. Let t1, u1, t2, u2 be algebrai integers satisfying Q1(t1, u1) = 1 =
Q2(t2, u2), where Q1, Q2 ∈ F2 so that (t1, u1), (t2, u2) ∈ S. We dene a binary operation
◦ : S×S→ S by
(37) ϕ(P1) ◦ ϕ(P2) = ϕ(P1 ⊞ P2),
where ϕ(P1) = (t1, u1) and ϕ(P2) = (t2, u2). Letting β1, β2 and β3 be the ratios of P1, P2 and
P1 ⊞ P2 respetively and
A = [a, b, c, d, e2, f, g, h],
=
[
0,
A21
e2
,
A22
e2
,
β+
e2
, gd (A21, A
2
2, β
+),
e2
A22
β−23,
e2
A21
β−13,
e2
A21A
2
2
(
β× − β3β+
)]
.
It follows from Eqn. (37) that
(t1, u1) ◦ (t2, u2) = ϕ
((A2
1
t1 + β1u1
A1
,
u1
A1
)
⊞
(A2
2
t2 + β2u2
A2
,
u2
A2
))
,
= ϕ
(A2
1
A2
2
t1t2 +A21β2t1u2 + A
2
2
β1t2u1 + β×u1u2
A1A2
,
A2
1
t1u2 + A22t2u1 + β
+u1u2
A1A2
)
,
=
(
e2t1t2 + ft1u2 + gt2u1 + hu1u2, bt1u2 + ct2u1 + du1u2
)
,
= (t3, u3),
where Q3 = (A
2
3, 2β3+b, Q0(β3, 1)/A
2
3) is the omposed form Q1 ·Q2 under Gauss omposition2,
(t3, u3) =
(
e2t1t2 + ft1u2 + gt2u1 + hu1u2, bt1u2 + ct2u1 + du1u2
)
is a bilinear transformation where
Q3(t3, u3) = Q1(t1, u1)Q2(t2, u2).
It is no oinidene that we use letters b, c, d, e, f, g, h in the desription of the group law on S.
There is a Bhargava ube involved. See [2, 10, 9℄ for omposition of forms via Bhargava ubes.
4. Galois ohomology of Pell onis
Reall [6, 7, 9℄ that the 2-torsion subgroup of the Tate-Shafarevih group for Pell onis may
be dened
X(P/Z)[2] = ker(H1(G,P(Z))[2]→ H1(G,P(Q))[2]),
and in [7, 9℄ an equivalent denition of X(P/Z) without ohomology groups was proved to be
isomorphi to the 2-torsion subgroup of the narrow lass group of squared ideal lasses of the
quadrati number eld K, Cl+(K)2[2].
See [12, 15, 16℄ for introdutions to Galois ohomology. Let G = Gal(Q/Q) be the Galois
group of extension Q/Q and let A be a G-module, meaning that G ats on the abelian group
A suh that the identity of G ats trivially on every a ∈ A, the ation of σ, τ ∈ G satisfy
σ(a1 + a2) = σ(a1) + σ(a2) and τ(σ(a)) = (τσ)(a). In addition to the usual denition of a
2
The author rst started with S, inspired by Lemmermeyer's [10, 9℄ desription of Gauss' [4℄ method of
omposing forms, known as bilinear transformation, and the relationship to Bhargava ubes [2℄, and disovered
P(Q)
prim
via the inverse map ϕ−1.
12 S. HAMBLETON
homomorphism φ between two abelian groups A and B, a homomorphism φ : A −→ B of
G-modules A and B must satisfy φ(σ(a)) = σ(φ(a)). Reall the denitions
H0(G,A) = {a ∈ A | for all σ ∈ G, σ(a) = a},
B1(G,A) = {f : G→ A | there exists a ∈ A suh that for all σ ∈ G, f(σ) = σ(a) − a},
Z1(G,A) = {f : G→ A | f(τσ) = τ(f(σ)) + f(τ)},
H1(G,A) =
Z1(G,A)
B1(G,A)
.
We use the notations τ(a) and aτ interhangeably to mean the ation of τ ∈ G on a ∈ A.
The ation of G on F2 is trivial: take any algebrai integer point q = (t, u) of the oni
A2t2+Btu+Cu2 = 1, by applying the ation τ ∈ G to q we obtain another point of this oni,
the binary quadrati form (A2, B, C) is unhanged. The ation of G on P = (x, y) ∈ P(Q) is
dened as Pτ = (xτ , yτ ) for τ ∈ G.
There is an exat sequene of G-modules
(38) 1 −−−−→ P(Z) −−−−→ P(Q)
prim
θ−−−−→ F2 −−−−→ 1.
Proof. We have shown that the map θ : P(Q)
prim
→ F2 of Theorem 2.10 is a homomorphism
of abelian groups. To show that θ is a homomorphism of G-modules, we must hek that QP
and QPτ belong to the same lass of F2. If P = O then this is trivial. Assume that P 6= O. By
arguing along similar lines to the proof of Lemma 2.1 observing that y and yτ share a minimum
polynomial, we have den(y) = den(yτ ) and NQ/Q(y) = NQ/Q(y
τ ) so that P and Pτ have the
same denominator A.
Let β be the ratio of P ∈ P(Q)
prim
. Then there exist algebrai integers t, u satisfying
P =
(
A2t+βu
A ,
u
A
)
and QP(t, u) = 1. It is lear that QP(t
τ , uτ ) = 1 and Pτ =
(
A2tτ+βuτ
A ,
uτ
A
)
maps to QP under θ. This shows that QP and QPτ belong to the same lass of F2. 
Theorem 4.1. Let G = Gal(Q/Q). Then H0(G,P(Q)
prim
) = P(Q) and H0(G,F2) = F2.
Proof. Let (x, y) ∈ P(Q)
prim
. If for all τ ∈ G, (xτ , yτ ) = (x, y) then learly x, y ∈ Q so
H0(G,P(Q)
prim.
) ≤ P(Q). If (x, y) ∈ P(Z) then (x, y) ∈ P(Q). For any other (x, y) ∈ P(Q) we
may put x = BA , y =
C
A where A and C are relatively prime integers and thus B ≡ (BC−1)C
(mod A2) so that β ≡ BC−1 (mod A2) and (x, y) ∈ P(Q)
prim
so P(Q) ≤ H0(G,P(Q)
prim
).
The ation of G on F2 is trivial. Therefore F2 is xed by G. 
Theorem 4.2. There is an exat sequene
(39) 1 −−−−→ P(Z) −−−−→ P(Q) θ˜−−−−→ F2 πφ−−−−→ Cl+(K)2 −−−−→ 1
Proof. By Theorem 2.10, πφ is a surjetive homomorphism. The kernel of πφ is the set of all
[Q]F suh that there exist rational integers t, u satisfying Q(t, u) = 1. Let θ˜ be the restrition
of θ to P(Q). Then θ˜ : P 7→ [QP]F . Clearly θ˜(P(Q)) ⊆ ker(πφ). Conversely take any
integers t, u satisfying Q(t, u) = 1 where Q ∈ F2 and apply ϕ−1(t, u) ∈ P(Q). This shows that
ker(πφ) ⊆ θ˜(P(Q)). Now we must show that ker(θ˜) = P(Z). If (x, y) ∈ P(Z) then den(y) = 1,
β = 0, so θ˜ : (x, y) 7→ [Q0]F . Conversely if (x, y) ∈ ker(θ˜) then θ˜ : (x, y) 7→ [Q0]F so that
den(y) = 1 and β = 0 so (x, y) ∈ P(Z). 
Theorem 4.3. Let G = Gal(Q/Q). There is a group isomorphism
(40) Cl
+(K)2 ≃ ker(H1(G,P(Z))→ H1(G,P(Q)))
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Proof. Taking Galois ohomology on the exat sequene Eqn. (38), we have the exat sequene
1 −−−−→ H0(G,P(Z)) −−−−→ H0(G,P(Q)
prim
) −−−−→ H0(G,F2) −−−−→
H1(G,P(Z)) −−−−→ H1(G,P(Q)
prim
) −−−−→ H1(G,F2) −−−−→ . . .
By Theorem 4.1 we obtain the exat sequene
1 −−−−→ P(Z) −−−−→ P(Q) −−−−→ F2 −−−−→
H1(G,P(Z)) −−−−→ H1(G,P(Q)
prim
) −−−−→ H1(G,F2) −−−−→ . . .
The homomorphism H1(G,P(Q)
prim
)→ H1(G,P(Q)) is learly injetive and thus we have the
short exat sequene
(41) 1 −−−−→ P(Q)P(Z) −−−−→ F2 −−−−→ ker
(
H1(G,P(Z))→ H1(G,P(Q))) −−−−→ 1.
The result follows by omparing the exat sequenes (39) and (41). 
This ompletes one of our goals:
Denition 4.4. The Tate-Shafarevih group for the Pell oni P over integers may be dened
as
(42) X(P/Z) = ker(H1(G,P(Z))→ H1(G,P(Q)))
5. Another proof using prinipal homogeneous spaes
The group H1(G,P(Z)) may be identied with prinipal homogeneous spaes for P over the
integers, and H1(G,P(Q)) may be identied with prinipal homogeneous spaes for P over the
rational numbers. We disuss the addition map µ dened by automorphs of the binary quadrati
form Q. The observation that the pair (Q(t, u) = 1, µ) forms a prinipal homogeneous spae
for Pell onis P over integers and rational numbers is due to Lemmermeyer.
Denition 5.1. A prinipal homogeneous spae for the Pell oni P : Q0(x, y) = 1 over an
abelian group A is a pair (T , µ) where T /A is a smooth urve and
µ : T (A)× P(A) −→ T (A)
is a morphism dened over A satisfying
(1) µ(q,O) = q.
(2) µ(µ(q,P1),P2) = µ(q,P1 ⊞ P2).
(3) For all q1, q2 ∈ T (M), there is a unique P ∈ P(A) suh that µ(q1,P) = q2.
Denition 5.2. Fix a binary quadrati form Q = (A2, B, C) ∈ F2 and let T (Z) = {t, u ∈ Z |
Q(t, u) = 1}. Dene the maps
µ : T (Z)× P(Z)→ T (Z), µ(q,P) = MPq˜,(43)
ν : T (Z)× T (Z)→ P(Z), ν(q2, q1) = LQ,q1q2˜ .(44)
Lemma 5.3. The pair (T : Q(t, u) = 1, µ) is a prinipal homogeneous spae for the Pell oni
P over both integers and over rational numbers, where Q = (A2, B, C) ∈ F2 and µ is as in Eqn.
(43).
We nd an analogous result to the following lemma in [16℄.
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Lemma 5.4. Let P,P1,P2 ∈ P(Q)prim where the points P1 = (x1, y1) and P2 = (x2, y2) have
the same denominator and ratio. Let o =
(
1
A , 0
)
satisfy QP
(
1
A , 0
)
= 1 , and let q1 = (t1, u1)
and q2 = (t2, u2) satisfy Q(t1, u1) = 1 = Q(t2, u2) for some Q in a lass of F2. Then
(1) µ(o,P) = ϕ(P),
(2) ν(ϕ(P2), ϕ(P1)) = P2 ⊟ P1,
(3) ν(q2, q1) = ϕ
−1(q2)⊟ ϕ−1(q1).
Proof. It is a simple matter to evaluate Eqn.s (43) and (44).
µ
(
o,P
)
= MPo˜ = SQP˜ = ϕ(P).
ν(ϕ(P2), ϕ(P1)) = ν(SQP2˜
,SQP1˜
) = LQ,SQP1˜
SQP2˜
= NP1P2˜
= P2 ⊟ P1.
ν(q2, q1) = Lq1q2˜
= S−1Q q2˜
⊟ S
−1
Q q1˜
= ϕ−1(q2)⊟ ϕ
−1(q1).

Theorem 5.5. Dene
3
a map ξ : P(Q)
prim.
→ H1(G,P(Z)) by ξ : P 7→ {f : τ 7→ ν(qτ , q)},
where q = (t, u) is any algebrai integer point satisfying QP(t, u) = 1. There is an exat sequene
1 −−−−→ P(Q)⊕ P(Z) −−−−→ P(Q)
prim
ξ−−−−→ H1(G,P(Z)) ψ−−−−→ H1(G,P(Q)
prim
).
Proof. The proof involves expanding ξ(P1 ⊞ P2) and ξ(P1) · ξ(P2) and omparing their oho-
mology lasses. Let P1,P2 ∈ P(Q)prim, P3 = P1 ⊞ P2, and q3 = (t3, u3) = (t1, u1) ◦ (t2, u2)
satisfy QP3(t3, u3) = 1 over Z. Reall that
t3 = e
2t1t2 +
e2
A22
β−23t1u2 +
e2
A21
β−13t2u1 +
e2
A21A
2
2
(β× − β3β+)u1u2,
u3 =
A21
e2
t1u2 +
A22
e2
t2u1 +
β+
e2
u1u2.
ξ(P1 ⊞ P2) =
{
f3 : τ 7→ ν(qτ3 , q3)
}
,
=
{
f3 : τ 7→ Lq3qτ3˜
}
.
ξ
(
P1
) · ξ(P2) = {f1 : τ 7→ ν(qτ1 , q1)} · {f2 : τ 7→ ν(qτ1 , q1)}
= {f1 · f2 : τ 7→ ν(qτ1 , q1)⊞ ν(qτ2 , q2)},
=
{
f1 · f2 : τ 7→ LQ1,q1qτ1˜ ⊞ LQ2,q2qτ2˜
}
.
We must ompare the points f1 · f2(τ) and f3(τ). Let
Λ = A21A
2
2t1t2 +A
2
1β2t1u2 +A
2
2β1t2u1 + β
×u1u2,
Ξ = A21t1u2 +A
2
2t2u1 + β
+u1u2.
3
Lemmermeyer [9℄ does something similar in his book starting from a dierent set, from whih the author
got the idea.
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Using the identity P1 ⊞ P2 = NP1P2˜, we write f1 · f2(τ)
f1 · f2(τ) =
(
(A21t1+β1u1+bu1)t
τ
1+(β1t1+γ1u1)u
τ
1 M(t1u
τ
1−tτ1u1)
(t1u
τ
1−tτ1u1) (A21t1+β1u1)tτ1+(β1t1+bt1+γ1u1)uτ1
)
LQ2,q2q
τ
2˜ .
f3(τ) =
(
A23t3+(β3+b)u3 β3t3+γ3u3
−u3 t3
)
qτ3˜ ,
=
(
A3t3+(β3+b)u3 β3t3+γ3u3
−u3 t3
)( e2tτ1+ e2A2
1
β−13u
τ
1
e2
A2
2
β−23t
τ
1+
e2
A2
1
A2
2
(β×−β3β+)uτ1
A21
e2
uτ1
A21
e2
tτ1+
β+
e2
uτ1
)
qτ2˜ ,
=
(( 1
e2
(Λ+bΞ) −e
2
M
A21A
2
2
Ξ
−1
e2
Ξ e
2
A2
1
A2
2
Λ
)
+
e2β3
A21A
2
2
(
0 Λ+bΞ
0 −Ξ
))
×
(( e2
A2
1
(A21t
τ
1+β1u
τ
1 )
e2
A2
1
A2
2
(A21β2t
τ
1+β
×uτ1 )
A22
e2
uτ1
1
e2
(A21t
τ
1+β
+uτ1 )
)
− e
2β3
A21A
2
2
(
A22u
τ
1 A
2
1t
τ
1+β
+uτ1
0 0
))
qτ2˜ ,
=
( (Λ+bΞ) −M
A21A
2
2
Ξ
−Ξ 1
A21A
2
2
Λ
)( 1
A2
1
(A21t
τ
1+β1u
τ
1 )
1
A2
1
A2
2
(A21β2t
τ
1+β
×uτ1 )
A22u
τ
1 (A
2
1t
τ
1+β
+uτ1 )
)
qτ2˜ ,
= f1 · f2(τ).
Therefore f1 ·f2 and f3 belong to the same ohomology lass ofH1(G,P(Z)) so that ξ(P1⊞P2) =
ξ(P1) ·ξ(P2) and ξ is a homomorphism. Now P ∈ ker ξ if and only if QP(t, u) = 1 has an integer
solution, if and only if P ∈ ker(πλK) = P(Q)⊕ P(Z).
The homomorphism ψ is given by ψ : f · B1(G,P(Z)) 7→ f · B1(G,P(Q)
prim
). It remains
to show that the image of ξ is equal to the kernel of ψ. Now ξ(P) = {f : τ 7→ ν(qτ , q)}
where q is any q = (t, u) satisfying QP(t, u) = 1 over Z. There exists a P ∈ P(Q)prim, namely
P = ϕ−1(t, u), suh that q = ϕ(P). So f(τ) = ν(ϕ(P)τ , ϕ(P)). Sine P ∈ P(Q)
prim
,
f(τ) = ν(ϕ(Pτ ), ϕ(P)) = Pτ ⊟ P
by Lemma 5.4. So f ∈ B1(G,P(Q)
prim
). This shows that Im (ξ) ≤ ker ψ. Conversely if
P ∈ P(Q)
prim
, g : τ 7→ Pτ ⊟ P ∈ B1(G,P(Q)
prim
). There exist P ∈ P(Q)
prim
and q = (t, u)
satisfying QP(t, u) = 1 over Z suh that P = ϕ
−1(q), these P and q exist beause P is an
element of the image of ϕ−1. Therefore
g(τ) = ϕ−1(q)τ ⊟ ϕ−1(q) = ϕ−1(qτ )⊟ ϕ−1(q) = ν(qτ , q),
so that g(τ) ∈ Im (ξ). This ompletes the proof that Im (ξ) = ker ψ. 
Again we obtain Cl
+(K)2 ≃ ker(H1(G,P(Z))→ H1(G,P(Q))) as a onsequene of Theorem
5.5, as the result is ompared with the exat sequene
1 −−−−→ P(Q)⊕ P(Z) −−−−→ P(Q)
prim
−−−−→ Cl+(∆)2 −−−−→ 1,
by Theorem 2.10.
We speulate that the map ζ in the exat sequene
1 −−−−→ Cl+(∆)2 ζ−−−−→ H1(G,P(Z)) −−−−→ H1(G,P(Q))
is given by ζ : [Q]∆ 7→ {f : τ 7→ ν(qτ , q)}, where q = (t, u) is any algebrai integer point
satisfying Q(t, u) = 1 and ν is as in Eqn. (44).
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